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CHAPTER 1: SERIES AND LIMITS 
Two important limits 
This formula is given in the formulae booklet on page 8 
 
For any real number k, 

lim
x! "

x
k
e

#k( ) = 0
 

 
 
For any k > 0, 

lim
x! 0

xk lnx( ) = 0
 

 
 
More fully, 

lim
x! 0+

xk lnx( ) = 0 "
 

 
Improper integrals 

The integral f x( )
a

b

!  dx  is said to be improper if 

(1) the interval of integration is infinite, i.e. a = !or b = !  
or (2) f x( )  is not defined at one or both of the end points x = a  and x = b 

or (3) f x( )  is not defined at one or more interior points of the interval 

a ! x ! b   
 
CHAPTER 2: POLAR COORDINATES 
Cartesian and polar frames of reference 
The point O is called the pole and OL  is called the initial line.  The angle !  
is measured in radians.  Positive valued of !  correspond to an anticlockwise 
rotation from OL , and negative values to a clockwise rotation.  The plane 
containing OL  and OP is called the r-!  plane. 
 
The relationship between Cartesian and polar coordinates 
 

x = r cos!  y = r sin!  

r 2 = x2 + y2
 tan! =
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Area bounded by a polar curve 
This formula is given in the formulae booklet on page 8 
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CHAPTER 3: INTRODUCTION TO DIFFERENTIAL EQUATIONS 
 
Growth and decay 
 
Differential equation Solution 

dy
dx

= kx
 
y = Cekx  

 
Integrating factors 

I = e
P!  dx

 
 
 
General solutions to DEs 

To solve differential equations of the form a
dy
dx

+ by= f x( ) : 

 

¥ Find the GS of the reduced equation a
dy
dx

+ by= 0.  This solution is the 

CF, yC . 

¥ Find a PS of the complete equation a
dy
dx

+ by = f x( ) .  This function is a 

PI, y
P
. 

¥ The GS of the complete equation is y = y
C

+ y
P
. 

 
The hard part is finding a PI, but is straightforward in the following cases: 
 

¥ If f x( )  takes the form cekx  (c and k are constants), try a PI of the form 

y = ae
kx . 

If the CF has the same exponential form as the RHS of the differential 
equation, y = aekx  doesnÕt work.  In that case, try y = axekx  Ð it should 
work. 
 

¥ If f x( )  takes the form ccoskx  or csinkx , try a PI of the form 
y = acoskx + bsinkx . 



¥ If f x( )  is a polynomial of degree n, try a PI of the form 

 
y = axn + bxn! 1 +… 

 
CHAPTER 5: SECOND ORDER DIFFERENTIAL EQUATIONS 
Complex numbers 
 
A complex number is defined as one which has the form a + ib , where a  and 
b  are real and i = ! 1  
 
EulerÕs identity 
 

 
e

ix
= cos x + isin x,  x ! !  

 
Special case of Euler’s identity: 
ei!

= " 1 
 
General methods for solving second order differential equations 
Memorise the form of each GS 

To solve a differential equation of the form a
d
2
y

dx
2

+ b
dy

dx
+ cy = 0 , 

 
1. Obtain the roots of the auxiliary equation ak2

+ bk+ c = 0 . 
 

2. If the roots of the auxiliary equation are equal, having the value k1 ,  

then the general solution is y = ek1x A + Bx( ) . 
 

3. If the roots of the auxiliary equation are non-real and have the 
values p + iq  and p ! iq, then the general solution is 

y = epx
Acosqx + Bsinqx( ) . 

 
In each of the solutions above, A  and B  are arbitrary constants. 

 
Special case of a second order DE: the equation of simple harmonic 
motion 
 
d
2y
dx2

+ n2x = 0  

 
where n  is real, is the SHM equation of motion and also applies is many other 
situations.  Its auxiliary equation is k2 + n2 = 0 , whose roots are k = in  and 
k = !in .  Therefore p = 0  and q = n .  The general solution is thus 
y = Acosnx + Bsinnx .  Learn it! 



General method for solving more complicated DEs  
 

To solve differential equations of the form a
d2y
dx2 + b

dy
dx

+ cy = f x( ) , do the 

following: 
 

1. Find the GS of the reduced equation a
d2y
dx2 + b

dy
dx

+ cy = 0. 

This solution is the CF, yC . 
 

2. Find a PS of the complete equation a
d2y
dx2 + b

dy
dx

+ cy = f x( ) . 

This solution is a PI, y
P
. 

 
3. The GS of the complete equation is then y = yC + yP . 

 
The main task here is to find a PI.  The preferred approach depends on the 
form of f x( ) : 
 

¥ f x( ) = Ce! x , where C  and !  are given constants. 
First note whether the CF contains a term of the form 
(i) constant !  e! x  or  (ii) constant !  xe!x  

o If it does not, then the PI will be of the form y = ae!x , where a  is 
a constant to be found. 

o If there is a term of type (i) in the CF but not one of type (ii), then 
the PI will be of the form y = axe!x . 

o If there is a term of type (ii) in the CF, then the PI will be of the 
form y = ax2e!x . 

 
¥ f x( ) = Ccos! x  or Csin! x .  

o Provided that the CF is not of the form Acos!x + Bsin!x, the PI 
will be of the form y = acos! x + bsin! x , where a  and b  are 
constants to be found. 

o If the CF is of the form Acos! x + Bsin! x , the PI will be of the 
form y = acos! x  when f x( ) = C cos ! x , and y = axcos ! x  when 

f x( ) = Csin! x . 
 

¥ f x( )  is a polynomial of degree n .  

In this case try a PI of the form  y = ax
n
+ bx

n!1
+É , where a , b , É are 

constants to be found.  Thus, for example, if f x( ) = x
3 + 3  then the 

appropriate trial function is y = ax3 + bx2 + cx + d .  This fails when the 
differential equation has no y  term.  In this exceptional case, the 
appropriate trial function is a polynomial of degree n +1. 


